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Abstract
This report provides an introduction to the m-rater™ engine, ETS’s automated scoring engine
for computer-delivered constructed-response items when the response is a number, an equation
(or mathematical expression), or a graph. This introduction is intended to acquaint the reader
with the types of items that m-rater can score, the requirements for authoring these items on-
screen, the methods m-rater uses to score these items, and the features these items must possess
to be reliably scored. M-rater can score 3 types of responses—numeric responses, equations, and
graphs—and these 3 types of responses are considered separately. Each type of response has
certain technical requirements that must be satisfied and certain considerations for scoring. These
requirements are discussed in detail in the Numeric Response Items, Equation Items, and Graph
Items sections. Also discussed are generating example items—items with many correct solutions
for which the student must produce 1 correct solution. The final chapter explains how to convert
scoring rubrics into concepts and scoring rules, a necessary step for building m-rater scoring

models.

Key words: automated scoring, equation editor, graph editor, scoring rubric, scoring tolerance
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J. H. Fife The m-rater™ Engine: Introduction

What Is m-rater ™?

Constructed-response test items have a number of documented advantages over
traditional multiple-choice items (Bennett, Sebrechts, & Yamamoto, 1991; Bridgeman, 1992;
Drasgow & Mattern, 2006; Katz, Friedman, Bennett, & Berger, 1996; Payne & Squibb, 1990;
Sebrechts, Bennett, & Rock, 1991). Constructed-response items eliminate the possibility of
random guessing, they require recall of the correct response rather than recognition of the correct
response from a list of alternatives, they replicate more closely the sorts of tasks test takers face
in real-life situations, and they allow more detailed analysis of response errors. Additionally,
multiple-choice items are susceptible to back-solving and provide cues to the test taker that an
error has been made when the test taker obtains an answer that is not one of the options.

The significant advantage of multiple-choice items is that responses can be scored
quickly and inexpensively. But advances in automated scoring technology have made possible
the automated scoring of many computer-delivered constructed-response items. This advantage
IS most apparent with items whose responses are mathematical objects, such as equations,
graphs, or simple numbers. This report provides an introduction to the m-rater™ engine, an
automated scoring engine developed by Educational Testing Service (ETS) for computer-
delivered constructed-response items when the response is a number, an equation (or
mathematical expression), or a graph. This introduction is intended to acquaint item authors and
test developers with the types of items that m-rater can score, the requirements for authoring
these items on-screen, the methods m-rater uses to score these items, and the features these items
must possess to be reliably scored. Others who can benefit from this introduction include
research staff who intend to use m-rater in a research project, IT staff charged with integrating
m-rater into other systems, mathematicians interested in the mathematical basis of some of the
scoring algorithms, and anyone else with a need to be familiar with this important ETS tool.

When the response to an item is an equation or expression, m-rater is used in conjunction
with an equation editor that allows the test taker to enter an equation or other expression in
standard mathematical format, with exponents, radical signs, fractions, and so forth. Any third-
party equation editor can be used, provided the editor is configurable at the item level and
outputs the response in a standard format, such as MathML. When the response is a graph, m-
rater is used with the ETS graph editor, which generates a graph as the test taker clicks points on

agrid.
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J. H. Fife The m-rater™ Engine: Introduction

M-rater was initially developed at ETS in the mid-1990s (Bennett, Morley, & Quardt,
2000; Bennett, Morley, Quardt, & Rock, 2000; Bennett et al., 1999; Bennett, Steffen, Singley,
Morley, & Jacquemin, 1997) and has been used successfully since then to score mathematics
tasks in a variety of programs, including the CBAL® learning and assessment tool research
project and one operational state assessment. Over the years, a number of improvements have
been made to m-rater itself, to the graph editor, and to the procedures for writing scoring models
(Fife, 2011, 2013). Today, m-rater is a state-of-the-art system that can be used to score responses
to numeric, equation, and graph constructed-response items appearing in traditional computer-
delivered assessments, K—-12 assessments aligned with the Common Core State Standards or the
Next Generation Science Standards, and other computer-based mathematics assessments.

Since 2012, m-rater has used an open-source computer algebra system to determine if the
student’s response to an equation item is mathematically equivalent to the intended response.
Additionally, m-rater develops a parse tree for the equation that can be used to determine if the
equation is in the correct form, if desired, or to score a response based on mathematical
properties of the response rather than the actual value of the response itself. M-rater expects a
response consisting of a single equation. M-rater cannot score items for which the response is a
sequence of equations or a mixture of text and equations, although current research is
investigating the possibility of using m-rater in conjunction with the c-rater™ automated scoring
engine, ETS’s machine learning—based engine for scoring short (one- or two-sentence) text
responses for content, to score text responses with embedded equations.

A graph response is scored based on the points that the student plots to generate the graph

and the specifications in the rubric. For example, if the student is asked to produce a line with a

slope of 3 and the student plots the points (X, y;) and (X,,Y,), then the response is scored as
correct if (y, —Y,)/ (X, —X) =3. Other formulas exist for more complicated rubric

specifications; the appendix discusses the formulas for rubric specifications involving the graph
of a smooth function.
Often an item that was written for paper delivery and human scoring will need to be

revised for automated scoring. For example, consider the following typical word problem:

The treasurer for the homecoming dance sold tickets in advance and tickets at the door.

Advance tickets cost $5 and tickets at the door cost $6. The treasurer sold a total of 212
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J. H. Fife The m-rater™ Engine: Introduction

tickets at a total cost of $1,178. Write a system of equations to represent this situation.

Then use the system to find the number of advance tickets sold.

From a scoring perspective, the item asks the test taker to provide three pieces of information:
1. An equation that expresses the total number of tickets sold in terms of the number of

advance tickets and the number of tickets sold at the door

2. An equation that expresses the total cost of the tickets sold in terms of the number of

advance tickets and the number of tickets sold at the door
3. The number of advance tickets sold

To make the item suitable for automated scoring, the three parts must be presented separately so
that the test taker can respond to each part separately and each part can be scored separately. For
the first two parts, the test taker must be provided with an equation editor window to enter his or
her responses; for the third part, the test taker must be provided with a text box that accepts only
numeric entries. Additionally, for the first two parts, the item must specify the variables to be

used. So here is how the item could be revised to be suitable for automated scoring:

The treasurer for the homecoming dance sold tickets in advance and tickets at the door.
Advance tickets cost $5 and tickets at the door cost $6. The treasurer sold a total of 212
tickets at a total cost of $1,178.

1. Write an equation that expresses the total number of tickets sold in terms of the

number of advance tickets, x, and the number of tickets sold at the door, y.

2. Write an equation that expresses the total cost of the tickets sold in terms of the

number of advance tickets, x, and the number of tickets sold at the door, y.

3. Use your two equations to find the number of advance tickets sold. Write the number

of advance tickets sold in the following answer box.

M-rater can score a response based on responses to previous items or parts of items. Thus, if a
student enters incorrect equations to Parts 1 and 2, m-rater can score the student’s response to
Part 3 based on the incorrect responses to Parts 1 and 2.

Following this introductory section are sections devoted to each of the three types of
responses: numeric responses, equations and mathematical expressions, and graphs. Subsections

deal with technical considerations, special considerations for that response type, and scoring that
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J. H. Fife The m-rater™ Engine: Introduction

type of response with a tolerance. For numeric responses and equations, there are also
subsections dealing with a type of item known as generating examples. For graph items, there
are subsections describing the ETS graph editor, the types of graph objects that the editor can
capture, how the editor can be configured at the item level, and special considerations regarding
the scoring of graphs. After these sections, there is a discussion of concepts and scoring rules as
well as necessary steps toward writing scoring models. Finally, the report ends with a summary

and conclusion section.

Numeric Response Items

Numeric response items can usually be scored by conventional scoring engines (e.g.,
ETS’s SKM or eSKM scoring engine). But if the scoring rubrics are complicated—for example,
if the response must be scored based on previous responses, if the response must be in the form
of a fraction, if the response must be scored with a tolerance, or if there are complicated round-
off rules—then it may be necessary to score the response with m-rater. As the example in the
previous section illustrates, when the response is numeric, the test taker should be provided with
a text box in which to enter the response. M-rater can determine if the response is equivalent to
the intended response. For example, if the intended response is 1.5, m-rater will recognize that
1.50, 3/2, 6/4, and 1 1/2 are equivalent to 1.5.

Test takers can enter a mixed fraction by entering a space between the whole-number part
and the fractional part. Test takers should be cautioned, however, not to enter additional spaces,
as m-rater may misinterpret the response. For example, the response “1 1 1/12” will be

interpreted by m-rater as 11 ; if the student had intended 111, the student’s score would not be

based on the student’s intended response. To avoid these difficulties, some programs provide
separate entry boxes for the numerator and the denominator of a fraction and for the integer part
of a mixed fraction. M-rater can score responses captured in this way, also.

Technical Requirements

The answer box for a numeric response should only accept numeric characters and the
symbols necessary to create numbers, such as a hyphen (in lieu of a minus sign), a forward slash
(to denote a fraction), and a period (to denote a decimal point). In particular, the test taker must
not be able to enter alpha characters (letters) in the box; these keys must be disabled. If the alpha

keys are not disabled, a student may be tempted to enter dimensions or some other text in the
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J. H. Fife The m-rater™ Engine: Introduction

box; m-rater will not recognize these characters and will return a score of 0. As a general rule, if
a numeric response has units (such as feet, minutes, or miles per hour), it is best to write the units
outside the text box. If identifying the units is part of what the item is testing, then provide two
text boxes: one for the numeric response and one for the units. The units response can be scored
using a direct character match, although the scoring rubrics should specify acceptable
abbreviations and misspellings. Alternatively, if it is sufficient for the test taker to recognize
rather than recall the correct unit, then consider giving the units box a drop-down menu so that
the test taker can select the correct response. Either way, the numeric response can be scored
conditionally on the response in the units box. For example, if the correct answer to a question is

“2 feet,” then a response of “24 inches” could be recognized and scored as correct.

Scoring Considerations

If desired, the scoring rubrics can require a response in a certain form. For example, if the
rubrics require a decimal response, then “3/2”” would not be accepted for 1.5. Or if the rubrics
require a fraction response with no common factors in the numerator and denominator, then
neither “1.5” nor “6/4” would be accepted for 3/2. The scoring rubrics can also specify a range of

correct responses, for example, any decimal number x such that 5<x<7.

Scoring With a Tolerance

A response can be scored with a tolerance, for example, a correct response could be
1.3+0.1, so that any response between 1.2 and 1.4 would be scored as correct. Note that the
tolerance must be specified in the scoring rubrics.

This issue of tolerance is particularly important if the response is a fraction that produces
a nonterminating decimal expansion. For example, if the correct response is 13%, then the item
writers must specify in the scoring rubrics what sort of responses are to be accepted as correct. If

the scoring rubrics do not specify a tolerance, then only responses equivalent to 13 will be
scored as correct (e.g., &), and a response like 13.667 will be scored as incorrect. On the other

hand, if decimal approximations are acceptable, then the rubrics must specify the required degree
of precision. For example, is 13.7 acceptable, or must the answer be correct to, say, three decimal

places? If so, is 13.666 acceptable? Or is any response within the range 132+ 0.001 acceptable?
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Item authors can require that a correct response be rounded to a specified number of
decimal places, or they can require that a correct response be rounded or truncated to a specified

number of decimal places. Or, as stated earlier, they can set a tolerance.

Generating Examples
The term generating examples applies to problems that do not have a unique solution but
rather present constraints and ask the test taker to provide an example that meets those

constraints (Bennett et al., 1999). Here is an example from Bennett et al. (1999):

Joe is driving cross-country. He travels 3,000 miles in 60 hours, switching cars
somewhere along the way. The two cars have different average speeds, each of which
does not exceed 70 miles per hour. Give an example of a speed and time for each leg of
the trip. (p. 234)

There are, of course, several possible correct responses and several strategies for finding them.
One strategy, described in Bennett et al., is first to calculate the overall average speed as 50 miles
per hour (3,000 + 60), suppose that the times spent in each car are equal (30 hours each), and
then suppose that the average speed of the first car is 45 miles per hour. One can then calculate
that the average speed of the second car must be 55 miles per hour. The point is that the test taker
must provide examples of four quantities—the speed of the first car, the time spent in the first

car, the speed of the second car, and the time spent in the second car. There are many possible

answers for these quantities, but if we label these quantities r;,t, r,, and t,, then they must

satisfy the equations and inequalities

rt +r,t, = 3,000,
t +t, =60,
0<r <70,
O<r,<70.

Whatever numbers the test taker enters in the response fields (there must be one response field
for each quantity), m-rater can determine if that collection of numbers constitutes a correct

response.
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J. H. Fife The m-rater™ Engine: Introduction

Equation Items
M-rater can score items for which the response is a single equation or other mathematical
expression. The expression can involve one or more variables. The “key” can be a specific
equation or expression, or it can be one or more properties that a correct response is required to
have. For example, consider the following items:

1. Write an equation of the line containing the points (1, 5) and (2, 7).

2. Write an equation of the line containing the points (1, 5) and (2, 7). Put your answer

in the form ax+by=c.

3. Write an equation of a line with a slope of 3.

For Item 1, a correct response will be any linear equation mathematically equivalent to

y =2x+3. M-rater can determine if a response is a linear equation and if it is equivalent to
y=2x+3. For Item 2, m-rater can also determine if the response is in the correct form; thus, for
this item, y =2x+3 would be scored as incorrect, but 2x-y =-3 would be scored as correct. For

Item 3, a response will be scored as correct if it is a linear equation and its slope is 3.

Technical Requirements

As stated earlier, the item must provide an equation editor in which test takers can enter
their responses. The equation editor will ensure that test takers can enter expressions involving
fractions, exponents, radicals, and so on, with proper mathematical notation. (See Figure 1 for an
example of an item with an equation editor.) The editor must output the response to m-rater
encoded as MathML or in some other standard format that m-rater can read. Most equation
editors can be configured for the item so that only those symbols that are relevant to that item are
present. In addition, it must be possible to configure the equation editor to restrict the characters
that test takers can enter from the keyboard. In particular, alpha characters must be restricted to
relevant variables. Otherwise, test takers may attempt to enter text in the response. The editor
will interpret the extra characters as variables and try to compose an equation that includes these
variables. For example, if the correct response is 6x, meaning “6x feet,” and a test taker attempts
to enter “6x ft,” the editor will interpret the response as the three-variable expression 6xft. M-

rater, of course, will score such an expression as incorrect.

ETS RM-17-02 7
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Note that this does not mean one should never allow students to enter incorrect variables;
if the item is designed, in part, to see if students know which letters to use as variables, then test
takers should be allowed to enter targeted incorrect variables. For example, the following item
was administered as part of an ETS research project (Fife, Graf, Ohls, & Marquez, 2008):

Write a linear equation in the form ax+b =0 with a solution of x =-3.

When administered on paper, a common incorrect response was —3a-+b =0. Because part of
what was being tested was to see if the test taker knew that a correct response would be an
equation in x, it would be reasonable to allow test takers to enter a and b in their responses.
Usually, the text of the item should specify the variables to be used. Test takers cannot
choose their own variables; m-rater needs to know in advance what variables to expect. As stated

earlier, if m-rater encounters variables it does not expect, it will score the response as incorrect.

Special Considerations
Be sure to specify if the response is to be an equation or an expression or to state in the
scoring rubrics that either is acceptable. For example, consider the following released GRE®

general test item:

If y=2x-1, what is the value of x in terms of y?

y_ y 1 y, 1
@A - ® - o Y.
(D) %+1 E) y+=

It is clear that the correct response is an expression and not an equation of the form x = f(y)

because all the options are expressions; none is an equation. But if this item were converted into
a constructed-response item by simply removing the options, then it would not be clear if the

correct response should be the expression

y+1
Ea @

or the equation

+1
=222 @
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Either the constructed-response version of the item should be revised to make clear that the

answer should be an expression (“Let y=2x+1. Give an expression for the value of y”), or else

the scoring rubrics should be written to accept either (1) or (2). The point here is that if the
rubrics require the expression and a student enters the equation, the student’s response will be
scored by m-rater as incorrect. (Actually, even if you are not testing whether the test taker knows
the difference between an equation and an expression, and you are willing to accept either, you
probably should still specify one in the item so test takers who do appreciate the difference will

not worry about which is expected.)

Scoring With a Tolerance

Sometimes an equation must be scored with a tolerance. This could be the case, for
example, if the test taker is asked to determine an equation from a graph when the graph does not
pass exactly through the grid points. For example, see the item in Figure 1. The student is shown
the graph of a line and is asked to write an equation of the line. The actual equation of the line is
h =2.4a+31. But a student most likely would not be expected to write the exact equation, so a
tolerance must be established for the coefficients in the response. When this item was scored in
CBAL, a response was given full credit if the slope was between 2 and 3 and the y-intercept was
between 30 and 32, and part credit was given if the slope was between 1.5 and 3.1 and the y-
intercept was between 30 and 33. As with numeric response items, the tolerance must be

specified in the scoring rubrics.

ETS) CBAL Question 2 of 9 B — () . >
[ ]
The line of best fit of Eva's height measurements for ages 4 to 12 L
years has been extended to age 0. et
a= agein years and
Eva's Height = height in inches
70
50 | | | | | (./. Based on this graph, write an equation using a and h to find
Eva's height using her age.
40 +-x:=<><2 2 @@

30 =

o
20

Height (inches), &

10

1]

6 1 2 3 4 5 6 7 8 9 10 11 12 13

Age (years), a

Figure 1. A CBAL equation item scored with tolerances.

ETSRM-17-02 9



J. H. Fife The m-rater™ Engine: Introduction

Generating Examples
Generating example items can have equation responses as well as numeric responses.

Consider, for example, this item from Bennett, Morley, and Quardt (2000):

Two lines in the xy-coordinate plane are perpendicular. If the equation of the first line is

x+5y =17, what is a possible equation, in the form y = f (x), of the second line?

There are infinitely many correct responses, of course, and m-rater can score the item because it

can determine if a response is a linear equation in the requested form with a slope of 5.

Graph Items

As stated previously, when the response to an item consists of one or more graphs, the
ETS graph editor must be used to capture the graphs for the responses to be scored by m-rater.
The editor can capture six types of graph objects: points, lines, line segments, graphs of smooth
functions, graphs of piecewise-linear functions, and connected line segments. A response can
consist of any combination of these graph objects. The test taker enters the graph by clicking
points on a grid; as the test taker clicks the points, the editor generates the desired graph object.
If appropriate, the test taker can be required to first click a button to indicate the type of graph
object to be generated. The response is scored based on the points that are plotted and the type of

graph object generated (or that the test taker selected to be generated).

Examples of Responses That the Graph Editor Can Capture

Following are examples of each of the types of graph responses.

Points. Figure 2 shows an item for which the test taker must plot a collection of points.
To enter a response, the test taker clicks in the coordinate plane where the points are to be
plotted. Figure 3 shows the completed response. In this item, the student was asked to plot five
points. The editor can be configured to accept only five points (or any other particular number of
points), or it can be configured to accept an unlimited number of points. Note that the graph
editor has a snap-to-grid feature that has been enabled for this item, so that for this item, only
grid points can be plotted. This feature can be enabled or disabled for each item; the details are

discussed later.
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Measurements of Adult
Footprints at the Campground
Length Width
(inches) (inches)
95 3.25
3l &

10 3.25
10 35
10.5 35
10.5 325
10.5 3.75
1" 35
1 4

11.5 4
11.5 35
12 4
12 425
13 425

Graph the first five (length, width) pairs in the table. The remaining nine
(length/width) pairs in the table have already been graphed.

4 - Points

wIgn (ncnes)
w
o

g5 10 s 11 TS 12 125 13
Length (inches) Undo

Start Over

Figure 2. A CBAL item for which the test taker must plot a collection of points.

(Bfgfncﬁ Wpcieston
Section 1 6of15_J J

Measurements of Adult
Footprints at the Campground
Length Width
(inches) (inches)
i) 325
95 3
10 325
10 35
10.5 35
105 ENEAL
10.5 375
11 35
11 4

11.5 4
11.5 35
12 4
12 425
13 425

Graph the first five (length, width) pairs in the table. The remaining nine
(length/width) pairs in the table have already been graphed.

4 P e Points |

wian (ncnes)
w
n

a8 10 105 11 118 12 125 13
Length (inches) Undo

Start Over

i

Figure 3. The completed response for the CBAL item in Figure 2.

ETSRM-17-02 11



J. H. Fife

Lines. Figure 4 shows an item in which the test taker was asked to plot three points and

The m-rater™ Engine: Introduction

then to plot a line. To plot the line, the test taker must click on two points on the line. The test

taker was asked to click on two of the three points already plotted, but in fact any two points that

are on the line y = 3x will do. Figure 5 shows a response in which the points (0, 0) and (3, 9)

were plotted. The line containing the two points is generated automatically when the second
point is plotted. After the line has been generated, the test taker can move the line by clicking

and dragging one or both of the two points to other locations.

@ CBAL
t v
Time Volume of Water in Sink
(minutes) (gallons)
0 0
12 9
24 18

Question 1 of 8 _E; ! © - I3

a. Draw a graph that shows the sink filing as the minutes pass for the
condition indicated by the values in the table.
Click on the add points button to plot the three points in the table
Then click on the line button and two of your points to draw the line
that connects them

Volume of Water in Sink Over Time

18

o

]

V (velume in gallons)

o w o o

4 8 12 18 20 24
t (time in minutes)

=)

wrvors I == L ==
b. At what rate is the sink filling?

Figure 4. A CBAL item for which the test taker must plot a line.

@ CBAL
t v
Time Volume of Water in Sink
(minutes) (gallons)
0 0
12 9
24 18

Question 1 of 8 _E; ! © . [ 3

a. Draw a graph that shows the sink filling as the minutes pass for the
condition indicated by the values in the table.
Click on the add points button to plot the three points in the table
Then click on the line button and two of your points to draw the line
that connects them

Volume of Water in Sink Over Time

V {volume in gallons)

4 & 12 18 20 24
t (time in minutes)

CZh 3 e

b. At what rate is the sink filling? | Select... v

Figure 5. The completed response for the CBAL item in Figure 4.
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Line segments. Figure 6 shows an item for which the test taker has been asked to plot a
line segment; the correct response is shown. To enter a response, the test taker must click the two
endpoints of the segment, in this case, the points (0, 30) and (15, 0). Note that part of the point
being tested is to see if the test taker knows that the line segment must extend to (15, 0)—the end
of the moving sidewalk—and not terminate at (13, 4), which is the final data point given. If the
graph editor were configured to plot a line instead of a line segment, then the entire line from
(0, 30) to (15, 0) would be generated, even if the test taker plotted the points (0, 30) and (13, 4),
or even (0, 30) and (4, 22). In this case, a correct response would not provide evidence that the
test taker understood the point being tested. Care must be taken by item authors to ensure that
responses to graphing items (and, more generally, to all computer-delivered constructed-response
mathematics items) are able to provide evidence that the test taker understands the aspect of the
construct being tested.

E’,‘BC’BAL Question 4 of 11 | ﬁ @ B « »

Rider B on Sidewalk

Draw a graph that shows Rider B's distance from the gate over time from

p e the beginning of the sidewalk to end of the sidewalk

35

33

b 31

®
= e 29

27

Time Distance of Rider B g 28

(seconds) from gate (feet) % 23

0 30 8 21
E

4 22 2 19

T
6 18 2

& 15
s

10 10 s 13
2

13 4 £
o

9

7

5

3

1

Y
01 23 456 7 8 9 10111213141516 17181920
Time (seconds)

undo start over

Figure 6. A CBAL item for which the test taker must plot a line segment.
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Figure 7. Graph of a smooth function plotted in the graph editor.

Graphs of smooth functions. The graph editor can capture the graph of a smooth

function. The test taker plots the graph by clicking points in the coordinate plane; as the test taker
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clicks the points, the graph is automatically generated by the editor. The points can be clicked in
any order; see the sequence of graphs in Figure 7. Note that generation of the graph begins once
three points have been plotted and that as additional points are plotted, the graph adapts to fit the
additional points. Note also that the graph preserves local extrema in the sense that if the y-
coordinate of a plotted point is greater than the y-coordinates of its two neighbors, the graph will
have a local maximum at the point, and similarly with local minima. As with lines and line
segments, once all the points have been plotted, the test taker can edit the graph by clicking and
dragging points to other locations, subject to the constraint that two points cannot have the same
x-coordinate. (Note that the graph as a whole cannot be selected and moved, although each point
can be moved separately.) As with points, the editor can be configured to accept only a fixed
number of points, or it can be configured to accept an unlimited number of points.

Graphs of piecewise-linear functions. The graph editor can also capture the graph of a
piecewise-linear function. The test taker clicks points in the coordinate plane; as the test taker
clicks the points, the editor automatically connects the points with a piecewise-linear graph. The
points can be plotted in any order (Figure 8). The last two points plotted are (13, 5) and (3, 7), in
that order. But when the last point is plotted, the editor does not generate a line segment from the
point (13, 5) to the point (3, 7). Instead, the editor “inserts” the point (3, 7) between the points (2,

3) and (6, 6) and replaces the line segment between (2, 3) and (6, 6) with two line segments.

10 0 0

O 4 N W B e B N @ ®

[} [}
0 1 2 3 4 5 6 T 8 § 10 1 12 13 14 15 0 1 2 3 4 5 & 7T ®B 8 W M T 13 W o 0 1 2 3 4 5 8

Figure 8. Plotting points to generate the graph of a piecewise-linear function.
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Connected line segments. A graph of connected line segments is a graph consisting of a
sequence of line segments for which the endpoint of each segment is the beginning point of the
next. A graph of connected line segments is similar to the graph of a piecewise-linear function in
Figure 8, except that the points are connected by line segments in the order in which they are
plotted, and therefore, the resulting graph may not be the graph of a function (see Figure 9).
When the point (=2, —2) is plotted, the editor does not insert that point between the points (—4, 3)
and (2, 2); instead, it generates a line segment between the previous point, (4, —3), and the point
(-2, -2).

ot ot ot
5 5 5
4 4 4
3 L 3 * 3
2 2 2 L
1 1 1

4-6 5 4 3 2 40 1 2 3 a4 5 6‘ 4-6 5 4 3 2 40 1 2 3 a4 5 6‘ 4-6 5 4 3 2 10 1 2 3 4 s 6‘
1 -1 1
2 -2 2
3 -3 3
-4 -4 -4
5 -5 5
6 5 5
v v v
Y Y ot
5 5 5
4 4 a

L 2 3 [ 2 3 ® 3

2 ® 2 L] 2 *
1 \ 1 \ 1

=£. 5 4 3 2 40 1 2 3 4 5 Gh =£. 5 4 3 2 40 1 2 3 4 5 Gh =5 5 4 3\ 2 40 1 2 3 4 5 sl
-1 -1 -1
-2 o 2 o 2
-3 . -3 - -3 ]
-4 -4 -4
-5 -5 -5
3 -8 -6
v v v

Figure 9. Generating a graph of connected line segments.
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Configuring the Graph Editor

As can be seen from the preceding examples, the graph editor can be configured
differently for each item in a variety of ways, including the choice of the viewing window,
the axis labels, whether snap-to-grid is enabled, the number of graph objects to be plotted, the
types of graph objects to be plotted, and the colors and other surface features of the graph
objects.

Viewing window. The viewing window is that portion of the coordinate plane that is
displayed in the graph editor. The viewing window determines (or is determined by) the range of
the x-axis and the y-axis. In Figure 2, for example, x ranges from 9 to 13, with a grid point every
0.5, while y ranges from 2.75 to 4.25, with a grid point every 0.25; in Figure 6, x ranges from 0
to 20 and y ranges from 0 to 35, both with unit grid points. The item author has the option of
requiring the test taker to select the viewing window if the ability to determine an appropriate
viewing window is part of what is being assessed. Otherwise, the item author and content
specialists must specify the viewing window parameters Xmin, Xmax, Ymin, and Ymax as well as the
grid widths for the x- and y-axes. Note that a graph’s physical size and aspect ratio (the ratio of
the width of the graph to its height) can also be configured for each item.

Snap-to-grid. The graph editor has a snap-to-grid feature that can be enabled or
disabled at the decision of the item author and the content reviewers. When snap-to-grid is
enabled, the test taker can only plot grid points; when the test taker clicks somewhere inside
a grid, the point “snaps” to the nearest grid point. For example, in Figure 1, one of the points
the test taker must plot is the point (9.5, 3.25); if the test taker clicks anywhere close to (9.5,
3.25), the point snaps to (9.5, 3.25). As a result, it is easy for the test taker to provide precise
responses.

However, care must be taken when snap-to-grid is enabled to ensure that the grid width is
selected in such a way that only grid points need to be plotted. As a result, snap-to-grid with
items that use real data is often problematic; these items are frequently impossible to configure in
a way that only grid points need to be plotted. For example, consider the item in Figure 10. If the
graph editor in this item is to be configured so that only grid points need to be plotted, then there
must be a grid point every unit along the y-axis, and hence, there must be 1,500 horizontal grid
lines. Clearly this would make the graph unreadable. So for this item, snap-to-grid must be

disabled. As a result, however, test takers cannot be expected to plot points with precision.
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To plot the point (12, 168), for example, the test taker must estimate where 168 is along the
y-axis and may actually plot the point (12, 165) or (12, 171) instead of (12, 168). As a result,

when snap-to-grid is disabled, responses must be scored with a tolerance. This point is discussed

later.
——————— Question # Timer — 7 .
(o) ) ) CBAL~= EO I® J

The table below shows the number of

The graph below shows the twe points corresponding to the numbers cited
Android™ apps if that number were to double

in the article. Add the additional points shown in the table on the left to

every 6 months after February 1, 2011 the graph.
Nan;:tet::f Number of
Date since Thousands 1500
August 1, °fARd";idm g 1;33 . » - Points |
2010 PP 5 o
2 1000
Aug 1, 2010 0 42 s
Feb 1, 2011 6 84 E D '
S 500
Aug 1, 2011 12 168 £ ;gg 4
Feb 1,2012 18 336 2 W e
Aug 1, 2012 24 672 [ 12 18 24 a0
Time (months)
Feb 1,2013 30 1344 me fmarhs Undo
Start Qver

Figure 10. A CBAL item for which snap-to-grid is deactivated.

Test taker—determined viewing window and axis labels. As stated, item authors and
content specialists have the option of requiring the test taker to select the viewing window. Test
takers can also be required to enter labels for the axes. If this option is chosen for a particular
item, then in the space where the graphing window would normally be displayed, there will be
fields for the test taker to enter minimum and maximum values for x and y and the labels for the
x- and y-axes. (There are checks to prevent a test taker from entering a maximum value that is
less than or equal to the minimum value.) The test taker then clicks a button and the graphing

window appears with the test taker’s choice of viewing window and axis labels (see Figure 11).
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Figure 11. A CBAL item in which the test taker sets the viewing window and axis labels.

As explained in Fife (2013), test takers do not determine the grid width; instead, the item
author establishes the approximate number of grid lines for the item, and the graph editor then
calculates the grid width based on the number of grid lines set by the item author and the
maximum and minimum selected by the test taker. Similarly, if a test taker selects maximum and
minimum values that are “weird,” the editor will overrule those choices and choose “nice” values
instead. This function is illustrated in Figure 11: The test taker has chosen 0.123 as the minimum
value for both axes, but this preference is overridden, and 0 is selected instead as the minimum.

Because test takers cannot be expected to select parameters that produce grid points that
correspond to correct responses, it is necessary, when test takers set the viewing window, that
snap-to-grid be disabled.

In addition, the graph editor can be configured so that the test taker must provide the x-
axis and y-axis labels. Test takers can be provided with a drop-down list from which to select a
label, or they can be provided with a text box in which to enter the label as free text. The test
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takers’ choice of labels can be scored by c-rater or other techniques for scoring text, such as
character match.

Number of points to be plotted. When the object to be graphed is a set of points, a
smooth curve, a piecewise-linear curve, or a set of connected line segments, a limit can be placed
on the number of points that the test taker is allowed to plot; alternatively, this number can be
left unlimited. Thus, for example, if the item asks the test taker to plot five points, the editor can
be configured to accept only five points, preventing the test taker from making the mistake of
plotting too many points, or it can be configured to accept as many points as the test taker tries to
plot, allowing the test taker to make the mistake of plotting too many points.

Variety of graph objects to be plotted. In most of the preceding examples, the items
involved plotting just one graph object. But an item can involve plotting any number of graph
objects. For example, an item could ask the test taker first to plot the line y = 2x + 1 and then to
plot a line perpendicular to the first line. Or an item could ask a test taker to plot a curve, a point
on the curve, and a line tangent to the curve at that point. When an item asks that several graph
objects be plotted, the graph editor is configured with buttons, appropriately labeled, for each
graph object. The test taker clicks each button before plotting the graph object associated with
that button. Figure 4 provides an example of this. In this item, the test taker was asked to plot
three points and then to plot a line.

Test taker—determined type of graph object. At the discretion of the item author and
content specialists, the graph editor can be configured to plot automatically the type of graph
object appropriate to the item (when the test taker clicks points), or the editor can be configured
first to require the test taker to indicate the type of object to be plotted. For example, if an item
asks the test taker to plot the graph of a function with certain properties, the editor could be
configured to have three buttons: one for the graph of a smooth function, one for the graph of a
piecewise-linear function, and one for the graph of a straight line. The test taker would need to
know which type of graph object was appropriate for the item.

Graph object labels. When the editor displays buttons for various graph objects, the
labels on the buttons are configurable per item. Item authors and content specialists can choose
descriptive labels, such as “Bart’s walk” or “Andy’s travels,” for these buttons. Additionally, the

editor can be configured so that the labels appear on the grid when the objects are graphed. Also,
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the colors of lines and curves and the colors and shapes of points are configurable for each item.

When multiple graph objects are present, each can be given a different color.

Scoring Rubrics

As stated earlier, a graph response is scored based on the points that the test taker has
plotted, but the scoring rubrics must specify how this is to be done. The scoring rubrics can be
specified in a variety of ways, depending on the type of object the test taker was asked to graph
and the nature of the question the item asks about that object.

For example, in the item in Figure 2, the test taker was asked to plot five points. The
scoring rubrics must specify those points. But the rubrics must also specify how the response
should be scored if the test taker plotted the five correct points but also plotted additional,
incorrect points. Additionally, if partial credit is to be given for a partial response, say, four
correct points and one incorrect point, then the rubrics must specify that also. The following is

one possible set of rubrics:

2 points: The five correct points and no incorrect points are plotted.
1 point: Five points are plotted, at least three of which are correct.
0 points: Any other response.

For another example, in the item in Figure 4, the test taker was asked to plot the liney =
3x. The test taker could plot several possible pairs of points to create the correct line: the points
(0, 0) and (1, 3), the points (2, 6) and (4, 12), the points (3, 9) and (6, 18), and so on. The scoring
rubrics do not need to specify all pairs of points that generate the correct line, however. The
scoring rubrics only need to specify the equation of the correct line; m-rater will calculate the
equation of the line plotted by the test taker and score the response accordingly.

Alternatively, a response could be scored based on certain properties of the response
instead of the precise response itself. For example, in the item in Figure 12, adapted from a
research project at ETS, the test taker is asked to plot the graph of a smooth function; to be
correct, the function must pass through the points (0, 0) and (8, 6), must be increasing, and must
be concave down. An example of a correct response is shown in Figure 13. M-rater can
determine, from the points plotted, if the curve has the required properties. (See the appendix for

the formulas m-rater uses to determine the properties of the curve.)
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their grandmother’s house. Abby
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Figure 12. An item whose response is the graph of a smooth function.

. Abby and Bart walked home from
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e+ 2 =« s o7 5 walked as a function of time.

Figure 13. A correct response to the item in Figure 12.

Scoring rubrics can be quite complicated. For example, see the item in Figure 14, adapted
from a released operational item used in a state assessment. Note that the item has many possible
correct responses; the graph in the figure shows one such response. For example, we are not told
how fast Andy bikes from his house to his school or from his school to his friend Jack’s house,
but we do know that he bikes from the school to Jack’s house more slowly than he bikes from his
house to his school. So although there are many possibilities for the slope of the first line
segment and many possibilities for the slope of the second, we do know that the slope of both
line segments must be positive and that the slope of the second line segment must be less than
the slope of the first.
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Andy bikes guickly from his house to his school, where he meets his friend Jack. They bike
slowly to Jack's house, which is close to the school, but this takes them farther away from
Andy's house. At Jack's house they play video games for an hour, until Andy realized that
he is late for dinner and bikes home as fast as he can.

There are four parts to Andy's travels in this story. Assume that in each part Andy is biking
at a constant speed on a straight road. Create the graph of a function representing Andy's
miles from home as a function the number of hours after he left home that is consistent with
all four parts of the story.

40
375 P e Andy's travels [

3.8
3.25
3.0
275
28
225
20
1.76
1.5
1.25
1.0
0.7s
0.5
0.25
u]

Miles from home

I i s06s70 Undo

Hours after leaving home

oo0s10152025303

Start Owver

Figure 14. A CBAL item in which the test taker must plot the graph of a piecewise-linear

function.

Similarly, the slope of the third line segment must be zero and its length must represent 1
hour, and the slope of the fourth line segment must be negative, with absolute value at least as
great as the slope of the first line segment, because Andy biked home as fast as he could and
therefore at least as fast as he biked to school. Thus, to receive full credit, a response must have
the following properties:

e The response contains four line segments.

e The first segment begins at the point (0, 0) and has positive slope.
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e The second segment has a positive slope that is less than the slope of the first

segment.
e The third segment has a slope of 0 and a length of 1.

e The fourth segment has a negative slope whose absolute value is greater than or equal
to the slope of the first segment.

M-rater can determine if a response has these properties and score it accordingly. M-rater can
also give partial credit to a response that has some but not all of these properties; the scoring

rubrics must specify how partial credit is to be assigned.

Scoring With a Tolerance

As with numeric responses and equation responses, graph responses must sometimes be
scored with a tolerance. Following are some common examples.

Line of best fit items. Consider the item shown in Figure 15. The test taker must plot a
line that provides a good fit for the data points. There are many such lines, of course, so the
scoring rubrics must set a tolerance. As shown in Fife (2013), it is not sufficient to calculate the
actual line of best fit and then to set independent tolerances on the slope and the y-intercept of
the response. One can set a tolerance on the y-intercept that is a function of the slope, but it is
easier to set tolerances on the endpoints of the line as drawn in the viewing window. For

example, here is a reasonable scoring rubric for the item in Figure 15:

Let y, and y, denote the y-coordinates of the left- and right-hand endpoints,
respectively. A response is scored as correct if 60<y, <61 and 67 <y, <68 OR if

61<y <62 and 66 <y, <67.

The response in Figure 16 satisfies the first of these two conditions and hence would be scored as

correct.
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The m-rater™ Engine: Introduction
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Figure 15. A CBAL line of best fit item.
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Figure 16. A CBAL response to the line of best fit item.
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Tolerance in graphs with snap-to-grid disabled. Recall that if snap-to-grid is disabled
in the graph editor, then the responses must be scored with a tolerance. Consider, for example,
the item in Figure 10. As was pointed out earlier, to plot the point (12, 168), the test taker must
estimate where 168 is along the y-axis; the test taker easily could be slightly off and plot instead
the point (12, 165) or (12, 171). As a result, a tolerance must be established within which

responses will be considered as correct. Any point (x, y) with |[x—12|< & and |y -168|< ¢ for

suitable ¢ and ¢ will be considered as a correct response for the point (12, 168). The appropriate
values of ¢ and ¢ must be set by content specialists and, if appropriate, developmental
psychologists as part of the scoring rubrics. It is recommended that tolerances be established
from actual student response data; based on the response data, histograms can be prepared that
show the distribution of student responses. For example, the histogram in Figure 17 shows the
distribution of the actual y-values that were plotted by a sample of students attempting to plot the
point (12, 168) in response to this item. From the histogram, it is clear that the bulk of the

responses are between 125 and 200, so a reasonable value of ¢ might be 168 — 125 =43.
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Figure 17. A histogram showing the distribution of plotted y-values for the point (12, 168).
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Credit for incorrect points plotted. Consider again the item in Figure 2. In this item, the
student is asked to plot five points. Recall that it is possible to configure the graph editor so that
the student can plot only five points; if this has been done, then a student who plots the five
correct points will not have plotted any incorrect points, and, conversely, a student who plots one
or more incorrect points will not have been able to plot all five correct points. But if the editor
has been configured so that the student can plot more than five points, then the student could plot
all five correct points but also plot some incorrect points. Indeed, if the editor has been
configured so that there is no maximum on the number of points that the student can plot, then
the student could just plot all available grid points. The student would, by default, have plotted
all of the correct points but would, of course, have plotted all possible incorrect points as well. In
this case, the scoring rubrics must specify how incorrectly plotted points are to be handled. For
example, a student could receive full credit if all five correct points are plotted and no incorrect
points; a student could receive partial credit if exactly five points are plotted, at least three of
which are correct.

The situation is more complicated when snap-to-grid has been disabled. Consider again
the item in Figure 10. A test taker cannot click the same point on the graph twice, but because
snap-to-grid has been disabled in this item, a test taker can click many points “close” to each
correct point, and because responses are being scored with a tolerance, all of those points would
be scored as correct points. So it is not enough for this item to specify that a student gets full
credit if four correct points are plotted and no incorrect points are plotted, because a student
could click the “same” point four times. So the rubrics must state that each of the four points has

been plotted (at least) once and no incorrect points have been plotted.

Concepts and Scoring Rules
Before a scoring model can be built for an item, the scoring rubrics must be translated
into concepts and scoring rules. A concept is a feature of the response whose presence justifies
awarding the response full or partial credit or, sometimes, justifies withholding credit from the
response. For example, one concept could be the correct equation or graph; another could be a
response that is to be awarded partial credit. A scoring rule is a rule of the form

any n of Concepts x, ..., z is worth m points.

For example, a scoring rule might say “any 2 of Concepts 1, 2, and 3 is worth 1 point.”
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Example 1: An Equation Scored With Partial Credit
Write the equation of the line through the points (1, 5) and (3, 9).
Rubrics:

2 points: Any equation equivalenttoy = 2x + 3.
1 point: Any incorrect linear equation with a slope of 2.
0 points: Any other response.
For these rubrics, there could be two concepts and two scoring rules:
Concept 1: The equationy = 2x + 3.
Concept 2: Any linear equation with a slope of 2.
Scoring Rule 1: Any 1 of Concept 1 is worth 2 points.
Scoring Rule 2: Any 1 of Concept 2 is worth 1 point.

Note that the order in which the concepts are listed is irrelevant, but the order in which the
scoring rules are listed is important. A response is given the score specified by the first rule in
the list that the response satisfies. In our example, the correct response of y = 2x + 3 satisfies
both rules, but it receives 2 points because the 2-point rule is first in the list. If the rules were
listed in the reverse order, so that the 1-point rule were first, then the response y = 2x + 3 would

receive only 1 point.

Example 2: Another Equation Scored With Partial Credit
Write the equation of the line through the points (1, 5) and (3, 9).
Rubrics:

2 points: Any equation equivalenttoy = 2x + 3.
1 points: Any incorrect linear equation with a slope of 2.
1 point: Any incorrect linear equation with a y-intercept of 3.
0 points: Any other response.
These rubrics can be translated into two concepts and two scoring rules, as follows:

Concept 1: A linear equation with slope 2.
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Concept 2: A linear equation with y-intercept 3.

Scoring Rule 1: Any 2 of Concepts 1 and 2 is worth 2 points.

Scoring Rule 2: Any 1 of Concepts 1 and 2 is worth 1 point.
Example 3: Graph of a Line Scored Without Partial Credit

Draw the graph of y = 2x + 3.

Rubrics:
1 point: The correct graph.
This item will have one concept and one scoring rule:
Concept 1: The graphy = 2x + 3.
Scoring Rule 1: Any 1 of Concept 1 is worth 1 point.
Example 4: A Set of Points Scored With Partial Credit

Consider the item shown in Figure 2, with the following scoring rubrics.

Rubrics:
2 points: The five correct points and no incorrect points are plotted.
1 point: Five points are plotted, at least three of which are correct.
0 points: Any other response.

To translate these rubrics into concepts and scoring rules, begin by letting S be the set of correct

points to be plotted. Then, as our first attempt at writing concepts, we have these two concepts:
Concept 1: The number of points plotted from the set S equals 5.
Concept 2: The number of points plotted from the set S is greater than or equal to 3.

Then a 2-point response will satisfy Concept 1 and a 1-point response will satisfy Concept 2. But
both of these concepts leave open the possibility that additional, incorrect points have been

plotted. Thus we need a third concept:

Concept 3: The number of points plotted equals 5.
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We then have the following scoring rules:
Scoring Rule 1: Any 2 of Concepts 1 and 3 is worth 2 points.

Scoring Rule 2: Any 2 of Concepts 2 and 3 is worth 1 point.

Example 5: A Set of Points Scored With Tolerance and Partial Credit—Negative Concepts
Consider the item shown in Figure 10, with the following rubrics:

Rubrics:

2 points: Each of the four points is plotted within its tolerance, with no additional points
plotted.

1 point: Three of the four points are plotted within their tolerance, with at most one

additional point plotted.

The scoring rubrics for this item are similar to those of the previous item, but the presence of a
tolerance in the scoring rubric forces the concepts to take a different form. For example, to
satisfy the 2-point rubric, it is not sufficient for a concept to say that four points are plotted
correctly. As explained earlier, this is because each of the four points could be a correct plot of
the same target point; that is, each of the four points could be within the tolerance for the same
target point. Thus a concept that says “four points plotted correctly” would be satisfied by a
response that consisted of four correct attempts to plot the point (12, 168) and no attempts to plot
any of the other three points.

So the concepts have to specify that each of the four points is plotted within its tolerance.
It is easiest to do this with four separate concepts:

Concept 1: Point 1 is plotted within its tolerance.
Concept 2: Point 2 is plotted within its tolerance.
Concept 3: Point 3 is plotted within its tolerance.
Concept 4: Point 4 is plotted within its tolerance.

Now we need a concept that checks that the test taker did not plot more than four points. We

could try the following:

Concept 5: No more than four points are plotted.
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Then the 2-point scoring rubric would be satisfied by the presence of all five concepts:
Scoring Rule 1: Any 5 of Concepts 1-5 is worth 2 points.

But what about the 1-point rubric? It would require the following scoring rule:
Scoring Rule 2: Any 3 of Concepts 1-4 and any 1 of Concept 5 is worth 1 point.

But scoring rules like this are not possible; this scoring rule does not fit the syntax specified
earlier. The way around this problem is to convert Concept 5 into a negative concept that targets

a property that a response should not have and for which a response can lose points:
Concept 5: More than four points are plotted.
Scoring Rule 1: Any 1 of Concept 5 is worth 0 points.
Scoring Rule 2: Any 4 of Concepts 1-4 are worth 2 points.
Scoring Rule 3: Any 3 of Concepts 1-4 are worth 1 point.

Note that, for a response to receive 2 points, it must satisfy Scoring Rule 2—it must satisfy
Concepts 1-4, that is, Points 1, 2, 3, and 4 are plotted—but additionally, it must fail to satisfy
Scoring Rule 1, which means that at most four points are plotted. Taken together, this means that
Points 1, 2, 3, and 4 are plotted and no additional points are plotted. A similar analysis holds for
responses receiving 1 point.

Summary and Conclusion

M-rater automatically scores responses to computer-delivered constructed-response items
when the response is a number, an equation, or a graph. M-rater can score a response based on
the equivalence of the response to the correct response, or it can score a response based on
properties of the response. M-rater can score responses based on responses to previous items.

For m-rater to score responses reliably, certain technical requirements must be satisfied.
Numeric responses can be captured in a text box, equation responses must be captured in an
equation editor, and graph responses are captured in ETS’s graph editor. In each case, the answer
box or editor must be properly configured to capture the test taker’s intended response. These
requirements have been discussed in the Technical Requirements subsections for numeric

responses and equations and in the Configuring the Graph Editor subsection.
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Care must be taken in writing scoring rubrics for m-rater-scored items, as m-rater will
score the items exactly as the rubrics specify. If responses are to be scored with a tolerance, the
rubrics must specify the tolerance, although the tolerance may be determined by looking at a
sample of test taker response data. (Actually, looking at student responses before finalizing
rubrics is generally good practice.) For graphs, a response is scored based on the points that the
test taker has plotted, but the scoring rubrics must specify how this is to be done. After the
scoring rubrics have been finalized, they must be converted into concepts and scoring rules;
scoring models are built from these concepts and rules.

Finally, m-rater can score generating example items—problems that do not have a unique
solution but instead ask the test taker to provide a solution that meets certain constraints. There
may be many possible correct answers; m-rater can determine the correctness of the test taker’s
response.

This report has provided an introduction to m-rater and its technical requirements, with
information about how to write items that take advantage of m-rater’s capabilities while ensuring
that m-rater will score responses reliably. With m-rater, item authors and test developers who
want to include constructed-response mathematics items on assessments can do so without

sacrificing the speed and efficiency of automated scoring.
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Appendix. Scoring Graphs of Smooth Functions
As indicated in the introductory section, a student enters a graph response by plotting
points in the graph editor; the editor then connects the points with the appropriate graph. The
response is scored as correct if the graph that is drawn has the desired properties. Whether it has
these properties will depend on the points that the test taker plots. For each scorable property,
there is a formula that expresses that property as a function of the coordinates of the points that

have been plotted. In some cases, that formula will be fairly clear. For example, if the points

(x,,y,) and (x,,Y,) are plotted to generate a line, then the slope m and y-intercept b of the line

are given by the formulas m=(y, —y,)/(x,—x,) and b=y, —mx,. For graphs of smooth

functions, however, the formulas are not always so transparent and depend on the formulas that
are used to generate the graph of the function.
The test taker draws the graph of a smooth function f by plotting at least three points

(X9, ¥o) s (X, Y1) --vy (X,,Y,) in the editor. The editor then draws a smooth curve through the

points; on each interval [X_,, x], the editor draws the graph of the cubic polynomial

f (X)zai +b (X_Xifl)"kci (X_Xi—l)z +d, (X_Xi—l)sy

where the coefficients a;, bi, ¢i, and d; are defined as follows:

hi =X — X4

k =y, -y, fori=1...,n,

S :hi/ki
VA , ,
—= ifss,,; >0andi=0,n
Si+si+1

m =<0 ifss ., <Oandi=#0,n,

i i+l
2s,—m  ifi=0
2s,—s,, Ifi=n
& =VYia

bi =m,

¢, =(3s,—2m_, —m;)/h,
d; =(m_, +m —2s,)/h

fori=1...,n.
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If fis defined by f(x)= f,(x) when x., <X <x;, the function f is called a Hermite cubic spline.
Each piece of the spline is a cubic polynomial, and the spline has the properties that f(x,)=.
and f'(x,)=m, forall i=0,...,n (Fife, 2013). For this particular spline, if y, >y, , and y, >y,
for some i=1,...,n-1, the spline has a local maximum at the point X, (Fife, 2013). A similar

statement holds for local minima. In fact, this spline is monotonic on each interval (Fritsch &
Carlson, 1980).

Table Al lists the features of the graph of f that we want to score; the table also indicates,
in the second column, how those features are to be scored. Some of these scoring rules are self-
evident; following the table is an explanation of the ones that are not.

Table Al. How to Score Features of the Graph of a Smooth Function

Feature How to score
The parabola y = ax? +bx +c is plotted. n is even.
y, = ax? +bx, +c forall i.
h =h, ., fori=1...,n/2.
X,, =—b/(2a).
A parabola is plotted. n is even.

There are real numbers a, b, and ¢ such that
y, = ax’ +bx +c forall i,

h=h, fori=1...,n/2,
Xy, =—b/(2a).
The function f is graphed. y, = f(x;) foralli.
The point P =(X, §) is plotted. x, =X and y, =y for some .
Function is increasing on interval [x ,, %] . Yiia <Y
Function is decreasing on interval [x, ,,x]. Yiia > Y-

Function is concave up on interval [x,_,,x].
Function is concave down on interval [x._,,x].

m_, <3s,—(m_,+m)<m,.
m, <3s,—(m_,+m)<m_,.

(x.,y;) isa local maximum of the function.
(x:,y;) isalocal minimum of the function.
(x.,y;) isaglobal maximum of the function.
(x.,y;) isaglobal minimum of the function.
Average value of f

Given the graph of the function determined by the
points (X, ¥,) , graph the function obtained by

translating the given function h units to the right.

Given the graph of the function determined by the
points (X, ¥,) ., graph the function obtained by
translating the given function k units up.

Yi > Yiq and y, >y,
yi < yi—l and yi < yi+l‘
y, >y, forall j=i.
y, <y, forall j=i.

3 (b +Am o + ).
Xn _Xo i=1
X, =X —h foralli.

y, =¥, +k foralli.
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Feature

How to score

Given the graph of the function determined by the
points (X, ¥,) , graph the function obtained by
rotating the given function 90° clockwise.

Given the graph of the function determined by the
points (X, ¥,) , graph the function obtained by
rotating the given function 180°.

Given the graph of the function determined by the
points (X, ¥,) ., graph the function obtained by
rotating the given function 90° counterclockwise.

Given the graph of the function determined by the
points (X, ¥,) ., graph the function obtained by
reflecting the given function about the x-axis.

Given the graph of the function determined by the
points (X, ¥,) , graph the function obtained by
reflecting the given function about the y-axis.

Given the graph of the function determined by the

points (X, ¥,) ., graph the derivative of the function.

Given the graph of the function determined by the
points (X, ¥,) , graph the inverse of the function.

An exponential function is plotted.

Identify the domain D of the function.
Identify the range R of the function.

Identify x-intercepts.

Identify the y-intercept.

The function is even.
The function is odd.

x, =-y; and y, =X foralli.

X, =—X and y, =-y, foralli.

x, =Y, and y, =—X foralli.
x, =% and y, =-y, foralli.

x,=—X and y, =y, foralli.

X

X and y, =m, forall i.

X

y, and y, =X foralli.

There is a positive real number a such that y, =a* for
all i (within a suitable tolerance).
D =[X,,X,]
R=[m,M], where
m=min(y,,...,¥,)
M =max(y,,..., ¥,)
The real number c is an x-intercept if x, =c and y, =0

for some i.
The real number d is the y-intercept if x, =0 and

y, =d for some i.
For each i, there is a j such that x; =—x and y; = ;.
For each i, there is a j such that x; =—x and y; = -V,

The Parabola y = ax*+bx+c Is Plotted

For the curve to look like a parabola, the vertex must be plotted and, additionally, points

on either side of the vertex must be plotted in pairs. Thus, if (X, f (X)) is the vertex of the

parabola and the point (X +h, f (X +h)) is plotted, then the point (X —h, f (X —h)) must also be

plotted. It follows that the number of points plotted must be odd. Because n+1 points are

plotted, it follows that n must be even. The pairing of the points plotted can be checked by

specifying that h, =h_, h,

=h,,,andin general, h,=h

fori=1....n/2.

n—i+1
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A Parabola Is Plotted

This is similar, except that the coefficients a, b, and ¢ can be any real numbers.

Function Is Increasing on the Interval [X;,,X;]

Because the spline is monotonic on each interval, it will be increasing if y, , <V;.

Function Is Decreasing on the Interval [x,_,X;]

This is similar.

Function Is Concave Up on the Interval [X. ,,X]
The function is concave up on the interval [X, ,, %] if and only if the second derivative
f(x)>0 forall xe(x_,,x), thatis, if and only if
¢, +3d; (x—x_)>0 (A1)
forall x e (x_,,X). Equation (A1) will hold for all x e (x,_,,X) ifand only if
(Al) holds for x=x, , (A2)
and
¢, +3d; (x—x_,) =0 forany xe(x_,X). (A3)
Equation (A2) is true if and only if ¢, > 0. On the other hand, the solution to the linear equation
C,+3d,(x—x_,)=0is x=x_,—¢ /(3d,), so (A3) is true if and only if
X, —C /(3d;) < X, (A4)
or
X1 —C/(3d,)>x. (A5)
Because ¢, >0, (A4) holds if and only if d. > 0. On the other hand, if d, <0, then (A5) will
hold if and only if d, > —c, /(3h). Thus, in either case, if d, >—c, /(3h,), then either (A4) or (A5)
is true, and hence so is (A3).

Thus the function is concave up on the interval [x _,, %] if and only if ¢, >0 and

d; >—c, /(3h). From the definitions of ¢ and d,, these two conditions are equivalent to
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3s; —2m,_, —m

>0 (A6)

and

m,_, +m —2s, 3s,—-2m,,—m
i i Ly 0 i i ) A7
h? 3h? (A7)

Equation (A6) is equivalent to 3s, —(m_, +m,) >m. , and (A7) is equivalent to
3s, —(m,_, +m,) <m,_,. Thus the function is concave up on the interval [x_,,x] if and only if

m_, <3s,—(m_,+m,)<m,.

Function Is Concave Down on the Interval [X, ;,X;]

This is similar.

Point (Xx;,Y,) Isa Local Maximum of the Function
As explained previously, the spline is defined so that, if y, >y, , and y, >V, the spline

has a local maximum at the point x = X; .

Point (x;,y,) Isa Local Minimum of the Function

This is similar.

Point (Xx;,Y,) Is a Global Maximum of the Function

Because the spline is monotonic on each interval, it follows that the global maximum of

the function must occur at one of the plotted points. It follows, then, that the point (x;,y,) will be

the global maximum if and only if y, >y, forall j=i.

Point (Xx;,Y,) Isa Global Minimum of the Function

This is similar.

Average Value of f

The average value of the function f over the interval [X,, x,] is
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e LR ) RO
B X EXO iznlz.[:l(ai b (x= %)+ (x= %) +d (X—Xi,l)s)dx
X EXO iznlzj.ohi(ai +hu+cu® +du®)du
- ixo Z::(aihi +1BN? +3ch? +1dh?)
X ixo iZl:(yi_lhi +4im W +ich®+1dh)

where the last equality uses the definitions of &, and b,.
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