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Abstract
This research memorandum introduces documentation for ScoreDiff, which is a function
written in R. The function can be used to compute three statistics that can be used
to implement score differencing for mixed-format tests, that is, tests that include both
dichotomous and polytomous items. The three statistics include the Wald or Z statistic,

the signed likelihood ratio (SLR) statistic, and the modified SLR statistic.

Key words: Modified signed likelihood ratio test; signed likelihood ratio test; score
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Wollack and Schoenig (2018) categorized the statistical methods to detect cheating (on
tests) into six categories. One of these categories is score differencing—this category of
methods focuses on a test of the hypothesis of equal performance or equal ability of an
examinee over two sets of items. It is possible to apply score differencing to detect several
types of test fraud, including fraudulent erasures, fraudulent and large gain scores, and
item preknowledge, as demonstrated by Sinharay and Jensen (2019). Although test security
has lately been an active area of research, there are currently no publicly available software
packages to perform score differencing.

ScoreDiff is a function written in R (R Core Team, 2019) to compute three statistics
that can be used to implement score differencing for mixed-format tests, that is, tests that
include both dichotomous and polytomous items. The three statistics include the Wald or
Z statistic (Fischer, 2003), the signed likelihood ratio (SLR) statistic (Sinharay, 2017), and
the modified SLR (MSLR) statistic (Sinharay & Jensen, 2019).

Background: The Wald, Signed Likelihood Ratio, and Modified Signed
Likelihood Ratio Statistics for Mixed-Format Tests

Consider a test comprising [ items, each of which can be a dichotomously or polytomously
scored item. Let the possible scores on item i be 0,1,...,m;. Let us assume that one is
interested in applying score differencing to test the hypothesis of the equality of performance
on item sets S7 and Sy for an examinee whose true overall ability is 6. The item sets
S and Sy are nonoverlapping and together constitute all items on the test. Typically,
the alternative hypothesis in score differencing is that the performance on one item set is
better than that on the other due to reasons such as test fraud. Let us assume, without
loss of generality, that score differencing has to be applied to test against the alternative
hypothesis that the performance on S5 is better than that on S; for the examinee. This
alternative hypothesis is equivalent to the alternative hypothesis that the ability based
on Sy is larger than that based on S; for the examinee. Let X = (X3, X5, ...X[) denote
the scores for the examinee on the I items of the test. Let X; denote the collection of

the scores of the examinee on the items in Set j,7 = 1,2. Thus X; = {X;,i € S;} and
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X, ={X,,i € S}. Let P,;(#) = P(X; = j). For example, for the generalized partial credit
model (GPCM; Muraki, 1992),

exp[37_ ai(6 — bin)]

Fi(6) = D eto XD ai(0 — bin)]’

where a; is the slope parameter and b;,s are the location or threshold parameters of item ¢
(bio is assumed to be 0 for the GPCM, so there are effectively m; location parameters for
item 7).

The log-likelihood of the item scores of the examinee, denoted as [(#; X)), can be

computed as

ex:ii X,)log P (0), 0

where

1if X; =7
d;(X;) = '
0 otherwise.

Note that if the ith item is dichotomous, then m; = 1, and

do(X;) = 1 — X;,di(X;) = Xi, Po(60) = P(X; = 0)

For example, if the two-parameter logistic (2PL) model is used for item 7, then

expla; (0 — b;)] B 1
T expla®— ] ™ ) = T ep@—my

Pu(0) =

where b; is the difficulty parameter of item 1.
For an examinee, let us define the maximum likelihood estimate (MLE) or the

weighted maximum likelihood estimate (WLE; Warm, 1989) of the examinee ability

ETS RM-19-05 2



S. Sinharay Documentation for the ScoreDiff R Function

computed from the scores on item set S; as él, that from the scores on Sy as ég, and that
from the scores on all the items as 6.

The Wald or Z statistic (e.g., Fischer, 2003) for testing the null hypothesis of
equality of the examinee ability over S; and S5 versus the alternative hypothesis that the
ability based on 9 is larger than that based on S is given by

g b o)
VV(6:) +V (6))

where, for example, V(él) is the estimated variance of §; and can be computed as the
reciprocal of the estimated information under the item response theory (IRT) model.
The Z statistic is assumed to follow the standard normal distribution under the null
hypothesis (e.g., Fischer, 2003). A large value of the statistic leads to the rejection of the
null hypothesis of no difference in performance over S; and S, and indicates a significantly
better performance on item set S, compared to S;.

The likelihood ratio test (LRT) statistic (e.g., Finkelman, Weiss, & Kim-Kang, 2010;
Guo & Drasgow, 2010) for testing the null hypothesis of equality of the examinee ability

over S7 and Sy is given by

A= 2 _l(él;X1)+l(é2;X2)—l(ééx)}

I my;
= 2 ZZCZ i) log P ( (6,) —i—ZZd i) log P 92>_szj(Xi>logPij(é)
Li€S1 7=0 €S2 j=0 i=1 j=0
_ N bi(01) 91 P;(0s)
= 2| > di(X;)log +ZZ g =12
LieS1 j=0 1€Sy j=0 Pl] (9)

To test the null hypothesis of equality of the examinee ability over S; and S, versus

the alternative hypothesis that the ability based on S; is larger than that based on Si,
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Sinharay (2017) suggested the SLR statistic, given by

VA if 6, > 6,
—\/K if ég < él'

The statistic Ls has an asymptotic standard normal distribution (e.g., Cox, 2006; Sinharay,
2017, p. 104) under the null hypothesis. A large value of Ly leads to the rejection of the
null hypothesis of no difference in performance over S; and S; and indicates a significantly
better performance on item set S, compared to S;.

Define the statistic Z’ as

Z/ — (éQ _ él) ZieSl a% Var<Xz|Aé1> ZiESQ a/? Va’r(Xi‘éQA)
> ics a? Var(X;|0) + > ics, a? Var(Xi‘g)’

where, for example, Var(Xi|é1) is the conditional variance of X; computed at 6 = ;.1
Under the GPCM, the statistic Z’ can be shown to be very similar to the Z statistic
shown in Equation 2. Sinharay and Jensen (2019) defined the MSLR statistic as

r* = Ls+ Lislogf—;,
and proved that if the GPCM fits the data, then the statistic has an asymptotic standard
normal distribution under the null hypothesis of no difference in performance over S; and
Sy. A large value of r* leads to the rejection of the null hypothesis in favor of the alternative
hypothesis that the performance on S is better than that on S; for the examinee.
As several researchers have demonstrated (e.g., Fischer, 2003; Guo & Drasgow, 2010;
Sinharay, 2017; Sinharay & Jensen, 2019), the Wald/Z, SLR/Lg, and MSLR/r* statistics

can be used to detect several types of test fraud, including fraudulent erasures, fraudulent

and large gain scores, and item preknowledge.

The ScoreDiff Function, the Input, and the Output

The appendix shows the ScoreDiff function in its entirety.
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The inputs to the function ScoreDiff are as follows:

1. muartoutput, the output from fitting an IRT model to a data set using the mirt package
(Chalmers, 2012)—note that mirtoutput would include information such as the data set
and the item parameter estimates, and it is possible to extract additional information,

such as the estimated examinee abilities, from mirtoutput

2. id, the row number (in the data set) of the examinee for whom score differencing has

to be performed

3. 52, the second item set Sy, which would be used for the score differencing, in the form

of a numerical vector; the complement of S5 would be used as S;

4. est, equal to ML or WLE, depending on whether the user wants to use the MLE or
the WLE (Warm, 1989) as the ability estimate?

None of the above inputs has any default values.

The output produced by the function ScoreDiff is a vector consisting of the following
six quantities for the examinee, corresponding to the row number that was provided as the
input to the function: (a) fy; (b) 61; (c) 0; (d) the Wald statistic (e.g., Fischer, 2003); (e)
the SLR statistic (Sinharay, 2017); and (f) the MSLR statistic (Sinharay & Jensen, 2019).

The MSLR statistic should be used (maybe in combination with the Wald and SLR
statistics) only when a combination of the 2PL model and the GPCM (or their special cases,
such as the Rasch model) is used to calibrate the data, because the asymptotic standard
normal null distribution of the MSLR statistic holds only for a combination of the 2PL
model and the GPCM (e.g., Sinharay & Jensen, 2019). Only the Wald and SLR statistics
should be used when other IRT models (such as the 3PL model or the probit models) are
used either for the dichotomous items or the polytomous items, or both. Therefore, for
models other than a combination of the 2PL model and the GPCM, the ScoreDiff function
prints “NA” for the value of MSLR. The SLR and MSLR statistics are typically very close
to (say, within 0.05 of) each other, and the Wald statistic is typically close to (say, within

0.2 of) the other two statistics for almost all examinees.
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When the absolute value of the SLR is small, the MSLR is unstable (e.g., Sinharay &
Jensen, 2019); in the ScoreDiff function, MSLR is set equal to SLR whenever SLR is smaller
than 0.05 in absolute value. However, this instability should not affect the conclusions
much, because an examinee for whom SLR is small in absolute value has performed very

similarly on S; and S5, and the null hypothesis is not rejected for such an examinee.

Real Data Examples

Example 1: Detecting Item Preknowledge

The included data file ScoresDich includes the scores of 1,644 examinees on 170 dichotomous
items. The data set is simulated and has the same number of items and examinees as a
data set described in Cizek and Wollack (2017, p. 14). The latter data set was analyzed by
Sinharay (2017) and Sinharay and Jensen (2019). A set of 61 items on the test is known to
have been compromised for the original data set.

An annotated R script that can be used to apply the ScoreDiff function to examine
the performance difference on the compromised and noncompromised items for the first
examinee in the data set is provided in Figure 1. First, the ScoreDiff function is loaded
into R from the file ScoreDiff. R.? Then, the ability estimate is set to be the MLE, and the
number of items is set to 170. The item scores for all the examinees on the items are read
from a file SimScoresDich. The set S; is defined as the set of the first 61 items. Then, the
examineeNo variable is set to 1, indicating that score differencing would be performed for
the first examinee in the data file. The columns of the file with item scores are then named
I1, 12, ..., 1170.

In the next step, the MIRT software (Chalmers, 2012) is used to fit the 2PL
model to the data set—the output is the object mod. In the next step, the command
“out=ScoreDiff(mod,examineeNo,52,est)” uses the function ScoreDiff to compute several
quantities, including the Wald, SLR, and MSLR statistics for the first examinee in the data
file, and saves them in “out.” Finally, the contents of “out” are printed on the screen. The

output for the first three examinees in the data set should look like that in Table 1.
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source("ScoreDiff .R")

est="ML"

#Example 1: Detecting Item Preknowledge (dichotomous items)
nitem=170
scores=matrix(scan("SimScoresDich"),,nitem,byrow=T)#Read item scores
S2=1:61

examineeNo=1

colnames(scores)=paste("I",1:nitem,sep="")

mod=mirt (scores,1,itemtype=rep(’2PL’ ,nitem))

out=ScoreDiff (mod,examineeNo,S2,est)

cat(out,"\n")#Write the output for the examinee

Figure 1. R codes for Example 1.

Table 1

Output for Three Examinees for the First Real Data Example

05 01 0 Z SLR MSLR

—0.46 —0.79 —0.64 1.03 1.05 1.00
2.57 1.46 1.55 1.21 1.47 1.32
2.51 1.90 1.95 0.68 0.76 0.61

Note. MSLR = modified signed likelihood ratio; SLR = signed likelihood ratio.

For the first three examinees, all three statistics are smaller than the 95th percentile
of the standard normal distribution, so that Table 1 does not provide any evidence of item

preknowledge for the first three examinees.

Example 2: Evaluating Performance Difference Over Two Subtests

The included real data file ScoresPoly includes the scores for 1,168 examinees on 16
five-category polytomous items on the first subtest of the neuroticism domain of the
NEO Personality Inventory. These data were considered in Glas and Dagohoy (2007) and
Sinharay and Jensen (2019). An annotated R script that can be used to apply the ScoreDiff
function to examine the performance difference on the first half and second half of the test*

for the first examinee in the data set is provided in Figure 2.

The GPCM is used for the analysis. The steps in the analysis are very similar to
those in Figure 1—the item type is set to gpecm while using the mirt package to fit the
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source("ScoreDiff .R")

est="ML"

nitem=16

scores=matrix(scan("ScoresPoly"),,nitem,byrow=T)
colnames(scores)=paste("I",1:nitem,sep="")
mod=mirt(scores,1,itemtype=rep(’gpcm’,nitem))

S52=1:8#The performance on the first and second halves will be compared
examineeNo=1

out=ScoreDiff (mod,examineeNo,S2,est)

cat(out,"\n")#Write the output for the examinee

Figure 2. R codes for Example 2.

GPCM to the data set. The output for the first three examinees in the file should look like
that in Table 2.

Table 2

Output for Three Examinees for the Second Real Data Example

0, 0, 0 Z SLR MSLR,
2.47 0.38 0.88 2.24 2.39 2.37

2.26 0.47 0.92 1.97 2.08 2.06

—0.42 —-0.15 —-0.24 —0.41 —0.40 —0.44

Note. MSLR = modified signed likelihood ratio; SLR = signed likelihood ratio.

All three statistics are larger than the 95th percentile of the standard normal
distribution for the first two examinees, so Table 2 provides some evidence of better
performance on the first eight items compared to the last eight items for the first two

examinees.

Program Availability and Condition of Use
The R function ScoreDiff (shown in the appendix), the two data sets discussed in the
two data examples, and the R scripts to apply ScoreDiff to the two data sets (shown in
Figures 1 and 2) are available at no cost for academic and other noncommercial use and

can be downloaded from https://github.com/EducationalTestingService/ScoreDiff
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Appendix: The ScoreDiff Function

library(mirt)
ScoreDiff=function(mod,id,S2,est)

{

nitem=mod@Data$nitems

n2=length(S2)#Number of items in Item Set 2

nl=nitem-n2

Si=setdiff(1:nitem,S2)

x=mod@Data$datalid,]

xl=x

x1[S2]="NA"

scr=fscores(mod,method=est,response.pattern=x1)
thetal=as.numeric(scr[(nitem+1)]) # Ability estimate based on Item Set 1
SEl=as.numeric(scr[(nitem+2)])#Standard error of Ability estimate for Item Set 1
x2=%x

x2[S1]="NA"

scr=fscores(mod,method=est,response.pattern=x2)
theta2=as.numeric(scr[(nitem+1)]) # Ability estimate based on Item Set 2
SE2=as.numeric(scr[(nitem+2)])#Standard error of Ability estimate for Item Set 2
Z = (theta2-thetal)/sqrt(SE272+SE1"2)#Z or Wald Statistic
scr=fscores(mod,method=est,response.pattern=x)
theta=as.numeric(scr[(nitem+1)]) # Ability estimate based on all items
L1=Loglike(mod,id,S1,thetal)# Log-likelihood based on Item Set 1
L2=Loglike(mod,id,S2,theta2) # Log-likelihood based on Item Set 2
Lall=Loglike(mod,id,1:nitem,theta) # Log-likelihood based on all items
LRT=2*%(L2+L1-Lall) #The likelihood ratio statistic for 2-sided test
LRT[LRT<0]=0 # Reset the LRT’s with negative values to O
Ls=ifelse(theta2>=thetal,sqrt(LRT),-sqrt(LRT)) # Calculate SLR Statistic

# Calculate the MSLR for GPCMs

MSLR="NA"
if (sum(mod@Model$itemtype
{itparms=coef (mod, IRTpars=TRUE)
V=rep(0,3)
for (i in 1:n1)
{oneitem=extract.item(mod,S1[i])
a=eval (parse(text=paste("itparms$I",S1[i],sep=""))) [1]
V[1]1=V[1]+(a**2)*var.item(oneitem,thetal)
V[3]=V[3]+(a**2)*var.item(oneitem,theta)’}
for (i in 1:n2)
{oneitem=extract.item(mod,S2[i])
a=eval (parse(text=paste("itparms$I",S2[i],sep=""))) [1]
V[2]=V[2]+(a**2)*var.item(oneitem,theta2)
V[3]=V[3]+(a**2)*var.item(oneitem,theta)}
q = (theta2-thetal)*sqrt((V[1]*V[2])/V[3])#Equation 23, Sinharay & Jensen, 2018

ETS RM-19-05 11
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# Calculate the MSLR (Equation 12, Sinharay & Jensen, 2018)
MSLR = round(ifelse(abs(Ls)<0.05,Ls,Ls + log(q/Ls)/Ls),2)}
return(c(round(c(theta2,thetal,theta,Z,Ls),2),MSLR))}

#

Probtrace = function(items, Theta){

traces = lapply(items, probtrace, Theta=Theta)
ret = do.call(cbind, traces)

ret}
#
Loglike=function(mod,id,s,theta)
{

items = vector(’list’, length(s))
for(i in 1:length(s)) items[[i]] = extract.item(mod, s[i])
traces = Probtrace(items, theta)
fd <- mod@Data$fulldatal[1L]]
f=NULL
for (j in s)
{f=cbind(f,fd[,grepl(paste("Item.",j,"_",sep=""),colnames(fd))])}
f2=£f[id,]
LL <- rowSums(f2 * log(traces))
return(LL) }
#
var.item <- function(x, Theta){
if (missing(x)) missingMsg(’x’)
if (missing(Theta)) missingMsg(’Theta’)
if (is(Theta, ’vector’)) Theta <- as.matrix(Theta)
if (!'is.matrix(Theta)) stop(’Theta input must be a matrix’, call.=FALSE)
tmp <- try(x@nfact, TRUE)
if ('is(tmp, ’try-error’))
if (ncol(Theta) != x@nfact)
stop(’Theta does not have the correct number of dimensions’, call.=FALSE)
P <- probtrace(x=x, Theta=Theta)
Emat <- matrix(0:(x@ncat-1), nrow(P), ncol(P), byrow = TRUE)
Var <- rowSums(P * Emat * Emat) - (expected.item(x,Theta)) 2
return(Var)}
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Notes
! For example, if the 2PL model is used for item i, then
AN — D1 D (A — _ explai(61-b)]
Var(Xilt) = Pa(O)l1 = Pal0)) = eiisone:
2 Given the asymptotic results of Chang and Stout (1993), the ScoreDiff function may

provide reasonable results if est is set equal to “EAP” or “MAP,” but the asymptotic
results of Sinharay (2017) and Sinharay and Jensen (2019) do not hold, and the ScoreDiff
function was not tested for “EAP” or “MAP” estimates.

3 This line of the program should be changed appropriately to provide the correct file path.
For example, on a Windows machine, the correct path could be

C:/Users/mmcfly /Documents/Test Security/ScoreDiff.R

4 Glas and Dagohoy (2007) and Sinharay and Jensen (2019) considered this partitioning in

applying their tests of performance difference over two subtests for these data.
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